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0) Dqﬁﬁm@/ Graoktecl A@zﬁm
Definition . (A o) (s a defferertiol aradect alsobre. (DEA)
over a Commutotive rivg ,é,ff :

O A s Z-groddeot . A= Ty A"

@ A is an associabive vnital aﬁ}a&fa over R

Pmo&JcI//:A@/eA — A k-blirecr, aieazru O

(@moleof Wmﬁ’tﬁ . ab = /-/)’m'(b/ba)
@ Differe,mbv@ d:A—=>A 5 k-Licowr , 0/%2 +/
avd A% = o .
& Gracted Ledngz rle : d(ab) = (da)b s -0 a0l b)
kor of”

Frone DGA we coun ca'm%)wte the co&mw% H"(A) = 5 od”"



nMﬁaorZ% (4. ol) /sao&ﬁawvﬁoj?raoleofbea%ﬁ
(DGLA) osver a commutative )/'//\j f -
n
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Jal- 161

Girocled SM—WYW’ s Lo b ] = - (1) L, ol
Grpoke ok J&U’DL( |0le/:/u‘:1%\&
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lal (bl ctial

[[o. 6], c]+(- l)“’“d[[é c].a]+ (-1) (Ic 0‘3,/2] =5

0 —~

& ~—  dla. bl =lolo, b+ ra. db]

atr
DG A AssOC NMP@AW@P%)AOQ Y
Jacobs M(ﬂﬂ— u,p L‘O\/\Z‘m/o(:b?q 2

DGLA \ > Lo - Algebrog
mfrmta% MM/? % /wooba.ots/bruoﬁe,(;g

O Ax 'W?M Vie H:%W Prodlucts .
Defincaon (via Righer proclucts)
An Awo-clyelo A is a gracled k-mocdide cougpec with
the n-Lisor /Drooéuc/(js of oegree 2-n -
ma: A" = A
Sobisfying -
[Ma] " r'fE;Ei‘a 1) e (1S @ms @ idp ) = O
Note K/%N sigh conrention,

(feglaeb) = - r) ® geb)



_£M|]3 /UIO},(t:O

'IMZ] : MI°M2:/A2(#1®(‘D(+/‘OI®/J‘I)
- £M3] : Mz(:‘d@//z‘/f(z@id) ‘—‘,U.",U;

+ps (i @id @i+ id@u @iol + id@id®u.)
If Mn =2 Jr_w nz3, then (A . pi.p2) s a DEA .
IMs] is the aSSOOt’a/ﬁl/lf? od'z M2 up w /u%er‘ 'Droo(MoCS (i /ug)

let A . B be /400-&2,[?,&61’&/} . An Aao‘MWMASM

f’A"’B /’sao%oﬁmzafmsrrﬂv;sms
fo: AT = B (of dlegres 1-n)

r+ r % ®
LFa] ri5iten () e (S ome® ) = 20 12 (1)) mi($, 00 f,)

% = kZ; (r-k)(ir-1) ’—’_J

j:A——’B strict if fn= o for n >

A strict Aeo "er/j/*ém betweer two DGA< /s a DEA /«wrr.ﬁﬂ'sw. :
“LF T fiemf = mief

-[F2]: JC|°W)/24 - (frof) = m, > f>_+fz(m.A®,'o/A+/‘alA@mf)

Composition of A ~warpbsme  f: B ->C aned g.A-> 8B
(f9)n = 220 S (5,00,

f’ A->8B /5 on AQ‘W{—&WW‘SM /f f/ A — B s
a ?wuf- /'so-mml.ﬁnism, - H'(f/) CHAY — H(B) 5 an

/W,/J\m )



® Aw -/(Z?MWM via Coolgebras
C\OA_%Z/&TM :
Definition 2.36. A co-associative coalgebra C' over a field k is a k-vector space equipped

with a k-linear co-multiplication A: C' — C ®j C' satisfying the co-associativity:
(ide ® A)o A = (A®ide) o A.
A co-unit of C' is a k-linear map e: C' — k satisfying
(ide ®e)oA=(e®idg) o A =ide.
The commutative diagrams are shown below.
A

c A s O @ C c—2B8 s ceC
Al Jide@a Al Jide @e
Coc 2%de, o e C®.C C

6®idc

A graded coalgebra C' = @, ., C' is both a graded vector space and a coalgebra, such that

the co-multiplication is compatible with the grading:

A(CH) C €D (CP @i C).

p+q=i
A morphism F': (C,A) — (C’", A’) of graded coalgebras is a linear map F': C' — C’ of degree
0 such that A’ o F' = (F ® F') o A.

Reduced  tensor gjﬁe&m ; .
OW) = V" . groded by |no-6xa) = Z 1%
(lf use ﬁeo(uc%gf %mme;(:n‘c A/@\e,@ra
§%m+[V) s= m@| V®M/<fx &y - (—l)/“”ﬂ/g ® x>
insteod , Same construction will get Lo - Q.Z@e/@“rv\ )
Co - muleilicotion - n
A0 ® - ® %) = T (6 ®x0) & (% @ &)
QT(Vv) RV e ®cv)
B (V) s the co-free  co-npotent wafﬁeﬂm withot co-vnit
co—@emm/teoﬂ bﬁ V.
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Definition 2.39. A co-derivation § of degree d on a graded coalgebra C'is a graded k-linear

map 6: C* — O satisfying the co-Leibniz rule:

Aos=(0®ide+ide ® 6) oA
D@ﬁ‘w’h‘m ( vian am%e@m) ;
An A&-@Zﬁ&@m (A p) /5 a groded b-poclide A with

@ co-oferivotion 1 of obfﬁm.e [ on tha reduced tevyso- a/?aé-m
®+ CADT) 5010&\ thot ,MZ =0.=> ?e/(:s M. ] aftek eXpaunsian

The “Taﬂﬁf caezﬁ‘:um ” Un (AD?)@K — A07J
w»«%ueﬂﬁ Aetormanes M [)a wniversol Pro;pa/éﬁ of ®+(/4('JJ‘
'Tha& 911/% the /u‘@%wx proclucts m, AT S A (of pleﬁ 2-1)

let A . B be Aoo-ﬂ,é?@ém/é . An /400‘)%077%451/!4
f A->B s a Wwv7uﬂ\£5m of 6/’&0[60( cawéﬁ&@ﬂws :

f : @+CAZ'J) —> ®+CBD3) of oleﬁre,a O such that
fo /,(A :/AB°f, ——> ﬁdg [Fn] aféo.r QX/DMS@’),,
The " Toylor cefficients ” Gu - AUT"" — BOT deternines

[ usiqueby

& Minimol Moolels
(Ewmhﬁ o thus port alss warks ﬁr.L&-&%dmA.)



Let A be an /4&‘0«%&&”&, We sty thot A is
) minimod . F mi=0

2) Linoor controactibla, i'f Ma=o fr nz2 ool HCA.m.) =0

0) Observe thet on fe —TuM/‘—/‘smlﬂa‘sm petween munimod Aoo-
Q%Mstglhfawwn/svmﬂ\&w/

0 Hmv@oa/{wf pertirbotion Lewmma .
Lee (A uf) . (B, u?) be cochoin complexes . Lee
f (- A— B be a ?umf— /kammyuﬂw'sm with Quasi - iherse
J/‘Vu B — A. If U8 s an Awx- structvre on B éxt@no&k?
,M;B, then we com comstruct A- - struckhue ,uA on A extemo{/mg_
,uf\ omocd AN—?AMi—t‘SW(Jd%m j:: A >R exteqoﬁunﬁ fr

i) Deoomfozftfcsm Theorem
EVeﬂj A«:—o%ﬂim. 's o direct Sumn af a munimal!  ~—
ond a Liocwr controctble ~

I ) Mm,cma—g Mooleld Theoremn
Ever‘% Aao'a%&lﬂ“q IS ?,Mut‘-/éommy»ﬁuc e o W% (uf )
Aw - lSGynmLﬂu‘sm) minisvod Ao —a«%ﬁl}rﬂ\ , collecd the nrunomal/
moolel .

®) +il1) = v Everb« Aw -@M[—fsw'ﬂ«%m aodruts o ?«AM/—
inverse . (bot oloer 1t meswn for-the olerived cot ? )



gtwh‘u»a print of the proof Hoo(aé,e oleownfazih‘ma .

Proof. (Adapted from [AMMO2] and [Jur19].) The first step of the proof is a general fact in
linear algebra that any cochain complex of vector spaces is a direct sum of a complex
with zero differential and a complex with zero cohomology. For this we consider a

cochain complex (C*,d) of vector spaces. Note that the two short exact sequences

0 —— kerd® >y O >y imd® —— 0

0 —— imd*! —— kerd® —— H*(C*) —— 0

split. Therefore we have a decomposition C" = Z" @& Z!' = B" @& H" & Z', where
Z" = kerd", B" = imd"™! = Z" 1 and H® = H"(C*). We define a linear map

hre On — On-l by the composition:

Cn s B" ~ N ZZ:l_l ¢ \ Cn—l )

h™ is called the splitting map. It follows that B" = im(d" 'oh™) and Z" = im(h"* od").

Therefore we have a decomposition of the identity map on C":
id = pn + dn—l o h" + hﬂ+1 oc ‘n"

where p™: C™ — H™" is the projection map. This shows that A is a chain homotopy

between id and p. Therefore thc of H* = H*(C"*) induced by the projection

pis trivial. On the other hand, the projectipn 1—p": C™ — B"& Z" is chain-homotopic
to the zero map. Hence the induce(n B* @ Z? is zero.

For de rest uf the me See Fwéaﬁa., Bockbondle or/wa
olissertoion ..

f
Let A *%3 B be two Ao —morpbisws . We sy thet
heoA->8B s a howtopy from f tog. f A ® AL =8 (B
/éammb@AIim of ﬁmo{eo( oaaﬁ?el:wsz{fpteama —1 such Hoxt

Ah = foh+heg, f—ﬁ:/xso/z**h",u/‘



Thuw . f: A-->B isa ,4,0—744&4[-/ su Qﬁc f /s a
/ww«of‘«% eﬁww»femce,

® Ao - Meokides
Let A be an /ﬁx,m,%zém over k. (Hight Aoe~moolle )
Déﬁmbbn An As -Wwo&o&m s o ?moleof b ool lo

é’/[‘«WiJPeJ with the maps Ofdegm 2-n
mn: M®k/\®n ' _QM

Sotisfiyies 0 )

_ M, or Bt
St (20) M (id” ®ms ® i ) = O

M
use m¢ insteood wham r = o

/4 mmﬂ%m fr L ->M ﬁf Aw—ﬂmolqée/s cver A s a arégeoéion
of mops of 0{6?/"{1 [— n
fo: LOACT — M
sc\ﬁsﬁd/m% the simdlor comstroows as [Fal .
umtw(
L&CAA@MOYW@()WL Mﬁeb?CwAdL@,beﬁwa
QfAmmM%WA Theu Moo~ A /SdSu/éca/GﬂMf
AL A !
C %9% dzﬁz; Coo Drealise
Coo A /w;mtu]:% eiwwﬁwce /<00A %ww :Wsms D A
thl«/w\% s invertedd a4 quasi- lgmsﬁphw howe quasi-inverses
So DA = KA. @ﬂmgmm( Structuve given by
(M) Pz g P70 2 ::('//”mﬁ/'

/



Recedd tha derived chééﬁm”ﬁ ?f Mool - A
Mod-A — K (Mood-A) — D(Mood - A) =: DA

TAm ) TA.Q cononice X fbw:c/{:mf DA — DA is au e%m’w\[woe
oo the bl subeategorny of Aonolosically caitoad Aso—
odindes sver A (14 acts ot jd on H (M) )

For each Aw-modlile M cver A, Mis is c tD
H'(M) in DA, where H' (M) adnits a minimod Ao —msclile
structuu—e

lmnﬁicw’cm ?
Consioler 4 cocheuin cowf»&x M’ of wnited M%/t A —moolvles .
We wont to know whot odlitional structuse /s reguirec
to reconstruct M’ from H (M) . The ausmer i's the WMW
Ao -modile sbuctuwe om H' (M) over A éialpfw thesreim .



