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Ditentid Graded Algebras
Definition CA d is a dfeatid graded algebraCDGA
over a commutative ring k if
A is 不graded A n A

A is an associative unital algebra over k

Productµ：A a A A k bilinear degree 0

Graded comnutatirityiabs.cn ba

Differential d A A is A linear degree 1

and d2 o

Graded Leibngrdgd.lab da b 1 adb

From DGA we can compute the cohomology H A it



Similarly lg.clisadfentidgradedLiedgebraCDGLAouera commutative ring k if
me

g is a Lie algebra over k

Graded skewsymmetry Iab 1 b a

Graded Jacobi identity
⼀叫 a.b c 1 Eb c了 a 1 K Ec a了 b o

me

me i d a b da b C 1 公 d b J

DGA
associativeup to homotopy A Algebras

Da LA
Jacobiidentityup homotopy

Algebras
infinitelymanyhigherproducts brackets

AoAlgebras via HigherProducts
Definition via higherproducts
An A algebra A is a graded R module egged with
the n linear products of degree 2 n i i

m n A A
i

satisfying
Mn iriiisil litnn.tt idioms idt 0

Note Kosalsignconvention
fog a b 1 19 fca gcb



Mf
Mom 0

M3 MzCid liz MzioidJ M.oMs i
iii

tM3lMc idxOidtidg.xOid tidxoid µ

M3 is the associativity of Mz up to higherproductscie.us了

Let A B be A algebras An A morphism

fi A B is a collection ofmorphisms
fu A B of degree 1 n

Such that
Fn iiisil lifrttt.lid_xomixoid.tl ⼆点 i r_nC 1PmiGi.XO f.ir

⼆ 点 lr knik Dni.fiA 13 strict if fn 0 for n 1

A strict A morphism between two DGA s is a DGAmorphism

F 7 f.comA mBof
F2 fiomzA mCfi fl mffztfzlm.A oidiid.to nil

Composition of A morphisms fi B C and g A B

fog n ⼆ 点 if 1 frlgi.co girl

f A B is an A ⼀quasi_isomorphism if fi A B is

a quasiisomorphism ie tig Hit HTB is an

isomorphism



A Algebras via Coalgebras
Galgebras

Reduced two

dtni.gadedbylx.o oxdXOYVJ

nfv.nlIf we reducedsymmetricalgebra
SgmTU ndVX0nKx y_ciMHgoxsinstead.Sameconstruction will get L ⼀algebra

co multiplication
bar construction

i external
x xn ⼆点 x xilxcxi.io xn

TV intern炛 TV Tv

TCU is the cofnee.conilpotent coalgebrawithout count
co generatedby V



universal property
A Ǘ

Definition via aalgebra
An A algebra A µ is a graded Rmodule A with

a co derivation µ ofdegree l on the reduced tensor algebra
⼗ A 17 such that µ2 0 gets IN a了after epans in

The Taylorcoefficients un i A的
n

A⻔

uniquelydeterminesM by universal property of 如 A⻔了

They gives the higherproducts mniA
n

ACofdeg2

n3LetA.BbeAaodgebras.AnAomorphism
f A B is a morphismof graded aalgebras

f TAE TBED of degree 0 such that
for A zu

B
of gets FuJ after epans.im

The Taylor coefficients qui A的 ⼀ BED determines

f uniquely

Minimal Models
Everything in this part alsoworks for⼈ algebras



Let A bean A ⼀algebra We say dat A is
1 minimal if m 0

2 linear contractible if mnzofrnzzandHCA.me 0

0 Observe that an A quasi_isomorphismbetween minimal

A.dgehras.isin fact an isomorphism

i Homological perturbation lemma

Let A µ B MB be achain complexes Let

fi A B be a quasiisomorphism with quasi_inverse
I 13 A If MB is an A ⼀ structure on B extending
Mf then we can construct A ⼀ structure in

A on A extending

pi and A ⼀ quasi_isomorphism f A B extending f

ii Decomposition Theorem

Every A ⼀algebra is a direct sum of a minimal
and a linear contractible

iii Minimal Model Toren
Every A algebra isquasi_isomorphic to a uniqueCup to
A ⼀ isomorphism minimal A algebra called the minimal
model

0 唦 iv1 Every A ⼀quasi_isomorphism admits a quasi
inverse that does it mean for the derived cat



Starting point of the proof Hodge decomposition

For the rest of the proof see Fhaya Bodoland ormy
dissertation

Let A ⼆声 B be two A morphisms.Wesay that
h A B is a homotopy from f to g if hi TAE了 欧旺
is a morphismof gradedalgebrasofdegree 1 such that

h f h t h o g f g u
Boh thou

A



Thm.fi t BisaAo quasi isomorphismiff is a
homotopy equivalence

A ⼀Modules

Let A bean A algebra over k right A module

Definition An A modulet Aisagrade.dk_module
equipped with the maps of degree 2 n

m More A
n 1 M

satisfying iii_icistmfi.liiF msdidTK0
usem insteadwhen r 0

A morphism f L M of A modules over A is a collection

ofmaps of degree in

fu L A M

satisfying the similar constraints as IFu了

unital
Let A be an ordinaryzebra Deok的 CoA the category

of A modules over A Then Mod A is a subcategory of
GA Let us drive GA

quotientby localist on
CoA homotopyequivalence'KoA quasi_isomorphisms'DoA

Nothing is inverted as quasiisfnorghismihaequasiimerses.ISDoA K A triangulated structure given by
Z M P M T my an mY



Recall the derivedcategory of Mod A
Mod A KCMod A7 DCM.cl A DA

Thin.The canonicalfunctor DA Do A is an equivalence

onto the full subcategory ofhomological unital A ⼀

modules over A CIA acts as id on HIM

Foreach A module M over A M is isomorphic to

HIM in DoA where HIM admits a minimal A module

structure

Implication
Consider a cochain complexM'of unital right A modul.es
Me want to know what additional structure is required
to reconstruct MEfrom HIM The answer is the unique
A module structure on Him over A by the theorem


