
Fundamental Theorems of Algebraic K. Theory

Ihm [Resolution Thm] Miexact cat . P&M : full additive subcet
,

closed under ext & exact we induced exact str.

Assume Ca) P is closed under taking Kernel -

(b) for any
MEM

,
Ja finite P-resol of M.

Then BQD -BQM is an homotopy equir

- Let X be aSmoth nor 1 Nooth- regular sep.
Sch

Then AiVect(X) a kiCoh(X) ( = 6: (x))

Im [Localization] A : Ab .
cut

, BCA : serve subset. E : =A/B
.

(Serve subcat : A + B +C., A. CEB = BEB . we can def Al
.

2.8. A = Mod feA . B : = Ftorsion modules
.

= Modif
~A/B = Mode w no f-torsion = Modi)

Then BQ/A) + BELA/B) is a fibration we hom- fil B&B .

CrKiModstK(Al-KiLAA) - Kin(Mod(fts) + ....

#m[Derissage] ECA : Ab .
subcet of A

,
closed under subobj/quotients/fin prod

↑ E is exact. If Nobjectin CEA has fin · filt

- = In Ecuad .... EGEC = C

where G/Ci+EE , then BEE+BQA is a
hom, equir

Er Ki (Mod(%]) = KiModi) .

=--- ki (A/f)+Ki(A) + FiAt)+Ait(Af) + ....

If A is Noetherian & regular & Alf too .

Another Ex A : Dedekind Domain . K : = Frac (A)
·

* = Mod - B : = cat of fin . gen , torsion A-mod. - AlB=Modo
+ Ki(B) = k: (A/P)

=
... - #Fi(Ap) ->A: (A) - ACA) +---

Same for Dedekind Sch.



2. category. Contractible if BE is contractible (e.2. F terminal/initial obj) .

fiE+D : functor For Yep , define YIf be

8bj(yf)=(X, VI , XeE, v: Y-ef(X) .

Mor([Xiv), (X, v1)) (2) W : X +X St .
Y fax) commutes .

~ ↓ difcus
'S"functorial" n : Y +Y v U*: If +YIf. f(x

f/X
,

XEE is defined dually .

IhDBBG par of homibtBEB

~ BF = BO Chomotopia

# is
contractible , then Bf : BETBD is homegra

12 -1

#B Assume that for every morph n: Y+Y1 in D,

u*: Yf + YIf is a homotopy equivalence. Then

BE + BD is a fibration wi homotopy fiber BCYIf) .

proof of resol . thm . Let Mn : =full subcut of objs in M w resol by pot length an

by defa, Mo = P .

Then, M = Un m QM =Lim &Mn

~ BRM = BLIQM) = m BRUn .

Hence,
ETS BOMn- BQMut is a hom. ed

Lemo- M' +M +M" -> 0

(1) MEMn
, M"EMm e MEMu

(2) M' , M" EMm =MEMntl

(3) M,M"EMu =) M/EMn+1
(absed under extaker.

Hence,
ETS "2-step" version of the resol . tha







adm - epi adm . mono

min
which is a composition UKEVV , *V, V

Hence ETS show this for adm . epi/admanono . Since QC=QCPP ,

ETS show this for adm . mono · For : : V'Vadm . mons
,

& + V <V : FTS this for OtV. Devote this by iv .

F : = Full subset of VIQs of pairs (M . n) , n : V + s(M)

Stu is an isomorphism .

Fo = QB .

Lem # < VIQs is hom
, equiv

In particular, this implies (b) .

Idea: "approximate" Fr

from now , we will focus on 18 . ETS FN+ &As is hom equir

For NEA , defineBr be
= B

&b(3r) = (M , h)
. MEA, hiM+N a homo in A st . Sh) is iso.

morph : (M, h) + (M' = h) : U : M+M) in &A St.

M
,

M/

↓ ↓h commutes .

u

n+ z

2.N+ N'a map in & St . se) is an iso

~ In functor 20 :+5

tem 2x is a hom. equir

-v : 3 - &B st-Hr(M , h) = Kerh .

tem Ar is a hom
. equir

Point : Fr is "limit" of 3N .

Let In be the cut. of pairs (N, D) , P : SCN = V.

morph :

2 : N+N'st. S(N1 + S(v1 +V -
..

↳ Iv is a fittering category .

↳m m = Fr



· Brown - Gersten - Quillen Spectral Sequence
X: Dedekind Sch

- Hill) + Ki(X) + Kilkex --

X : codim 1 pts.

Reason : Torsion (X) <Coh(X) -) ConCK(XI)
Il

Support codim 11 . Now let X : Sep . Noeth- regular sch/smoth var.

Coh(X)P : = full subaot of Coh(X) , support codim Ip .

· closed under ext . subobj · quotient- -

Coh(X)1 = all "torsion" sheares. So

Coh(X)' [Ch(X+CNCK(x1].

Coh(x1
*

[Con(x1 -> ConCA)
.

~ Kilkex) .

↑Excl

Con[X12 = ....?

ConCX)" gives a filtration , take "cohomology"

=> BGQ Spectral sequence .

Ihm [BGQ Spectral Sequence] EP=K-p -p(x) = k-p-o(X)

Epid = o if p+q3 or Po
&

E,

00
= Ao(k(N) =* -> 0

-

I* &
"

= k
,(A(x) =k(X [""=HoC)+

=Fas
EXX

f dirif).

E = AzCk(X) -
E= k.(k) =*k

*

-> E,

&
=

+
X xExt

"pointwise div map"

~ E=CH"(X) (CHEK)

Fact En is a dustient of CTY(X) & Kernel is torsion .

-

m KoCXIQ= CH***

Qp : Zariski Shetification of U+ Kp(U) .

"Gersten's Conj" =) EP4 = Hi(Xzar .
K -+)

Im [Bloch's formula) Epip = Ci(X) = H! (Xzurck-p 1
.


