
theory and ocaiza on

Zecall

a Q construction of Barwick

Exact a Cat Sp

defined stable a cat

Goas

Motivate It as state a invariant

Additivity Property

Applications of Additivity e.g descent



L of Schemes

Zink C in this talk will really be non connective as slightly

cleaner version of additivity

Nalchausen S

C WS C C cat wcofib or a cat where Snc

see Lurie notes

Trop IL via Q via S if bothdefined

a Trop KCC Stable so consider K Cat Sp

211

recall KCR Projtg R1 where RHS via Q

thus motivates I Vect A

however thomason Trobaugh D X K PertX1 via S

deeper sase e.g G R R and pushforward

similar motivation for a cat e.g Zariski descent



Stabe a Cat

Examples

Stab C lim SC TC TC

Sp Stab Anim i.e Stab s

most triangulated cat e.g DCR

Properties
enriched in Sp ie

mope it
Spy

C C Manta S

roughly Sam Set Sp Ab

Tushout f pullback e.g fiber co fiber



Dal

2 D R thin Moda or model cat or dg cat etc

iz 1 Spect D Xzer Cata via DAH D A f 3

If Barr BeckLurie

izz 7 D Schzal Cat s.t extends affine case

i e DX sixDIS S affine

Zink fails for non o cat version e g consider

Spec 26 xD Spec2123

Speczit s y
but

012127

D ZIG D ZE xD
is not a 2 pullback since I nonzero morphism

O 06 2 1 which go to zero in pullback

drop D 1 QCon l

defn Ff DCR perfect if Fe thick A and

FED I perfect if restriction to all affines is

Zink PerthI also Zariski sheaf since local condition



Categorical Preregs

Compacts

EC compart if Maple commutes w filteredcolin

e g finitelypresentedgroups R modules etc

Rink triangulated stable STS for coproduct

compactly generated jointlyconservative set of impacts

Drop D 1
W
Terf i

Idem C

ie every idempotentsplits

1 Cats finitehim Colin

e g Free R 470 R Open a Man

co Cats timcolin but not finite

drop is Morita invariant

Ind C

freely adjoin filtered colin to C In Cor5 forCECat

Drop Ind C Idem C

Drop I qcqs Ind Perf X D I



Categories of stable categories

Cat's

small stable o cat

exact functors ie preserve finite im calim

Catgert

small idempotent competestable o cat

exact functors ie preserve finite im calim

via Morita invariance CCat's't Sp

Trist

Tresentabe stable o cat w left adjoint functors

adjointfunctor theorem

drop Cat's Id Irs



Laroubi sequences

I erdier quotients

DEC stable then C D C WD W c
t
c cot fl ED

for 1 YeC Tape T Y coz If Yap X cot Z Y

defn t sequence D C E in Cat's is

Caroubi if the folowing hod

z poi O

22 Z is fully faithful

izz E Idem CD

Drop let CECat's't DEC stable p C I C D then

Ker L Ind C Ind CD is a fiber ie SES

seen in Prest w fully faithfulrightadjoint w Ker LE Ind D

or thomason Veeman localization

D C C D Karroubi t Ind is fiber sequin Brit

Zink 3oustiedLocaizations



ddi ivi i him

Additivity am

Cat's't Sp sendsKarroubiseqn to fiberseen
ie is a localizing invariant e.g IHH

Jf Waldhausen 985 Blumberg GepnerTabuada 2013

Barwick2013

tebestreit Lachmann Steimle 2023

Universality hm

L is he universal localizing invariant e.g it is

corepresentable in noncommutative motives via

map U Sp UCA t

f

GeneraStrategy

2 show Ind Cl Ind D is a Boustied occlization

22 show kernel is compactly generated

zz o it not use Efimov Ctheory

zzz apply additivity



spica ions Descent

BaseCase

i consider basic Zariski open i e

et t be comm ring felt

nave Dlt ÉÉÉIDA t D

Trop er j s Perf t Perf tf

Pf Dft DH f D compactlygenerated

WIS Ker j compactlygenerated

note Ker j DIA on f

K fl cofib ATH E DIA on f is compact

STS KMEDIA on H Hom Klf 47 0 714 0

Hom Klf 4 fib 14 114 0 714 I M 14 0

recognize Perf t D t t apply lemma

Cor we have a fiber sequence in Sp

Pert Aon H KA KALEY



spica ions Descent

11 Zariski Descent

1hm Veeran Zonda van derBerg

let qcqs scheme UE qcopen Z U then

Dqc on Z Dqc Dgc U is a SES in Pr's and

each categorybelongs to Pr's

Cor Jett on Z Jett Jett u is Karousi

Idea induct on coverssincequestdirect sum Kosal complex

Drop Schjigs Sp satisfies Zariski descent

f z Zariski descent I YayerVietoris i.e WTS

U UV qc opens
X K U

KNT coin
iz et Z X U Z v un then we have

Jert Xo Z Deut X Perf U
no

via Zariski descent a

PertEonZ Perf V Perf w limits commute

iii Kz X X K U
s

iso on fibers

Lz N s kN zing Cartesian detailsnextpt



spica ions Descent

11 VisnevichJesient

defn a Visnevich cover Us X if each ti is e'tale

and tspec c Fi sit We have a ift

spec

Drop L theory satisfiesVisnevichdescent

i S is that all Nishevich squares i e

W ou

j j y on

where I is an open immersion

and it is étcle and singlesheeted

on XIV ie TI X 2 EX V is sent to a homotopypullback

ii Consider X KCL and S K X F F the pullbank

IF I KEW and let Z Xiu

iii Pert Konz Deut X Pert u

Pert on Z party peng

and thus via

additivity of K

fib e X note lower rectangle pullback

fib
s e

g sign I II hence so is lowerleft square

K W left rectanglethus upperleft

pullbank bystability a pushout so f equivalent 78equiclence



spica ions Rt

defn et C be a stable a cat DEC stable full subcat

ZEC is left orthogonal to D it Yap x d tdeD

et D and D denote subset of leftrightorthog resp

defn et o it Cf n be full stable subset s.t

i ti j C 2 EtCcj
iz C is generatedbyClo ii Cf n under finitelimits

and colimits then we say that I o ii Cf n

is a Semiorthogona decomposition of C

Trop et Cem be the full stable subcat generated

on Cfm v r v fit Ofmen then we have

a split Karoubi seqn Cemy 4 Cem Ctm

1hm Beilinson D D OxQC177

Cor K PE IR R


