
→
Umpctrmnmntd

Morse homology f. MYR Morse function, critlf) are
✗ f indexed ( by writing f=±xi locally) .

④
P,{ Ecritlf) : indip) - indy)=1,

✗ MP.lk/reM : }
→

'

o is

✗ Fact : Generically MIAH finite.de/ineCITM)=Zfind-kaitpx }.
2p=[#Ñ(pathfinding

indltindlp) -1

Spoiler : Let ↳ 4cm be
"

nice
"

transverse Lagrangian in
"

nice
"

M
,

pile Lonli , define CF(↳ 4)=Z{↳ n 4)
←

grading later !

2p= [ I # Ñlpq;p,J)Twl% ,

{ C- Conti
,

piindcp)=l

Goal : make sense of terms in this formula :

① PEKIN ,
Look)

.

g. e)↳ucs.tl

U :R✗I→M : ¥tJcu)¥=o,
Mlp,q :p,])={ [UURXID-PETGIM.L.cl , ) .

¥1m, -4 =p.sk?jlG-4--E,UlS.0k-Lo.UiSiHC-4, }
energy→ Ecu) :=fµ-iui< °.

tr
Lo'

→

'→

°

land :/R✗I≤Ñ|{pig } ) ↳

biholom



UCS.tl→ UCStat)
,

② Ñlpihp. 5) = Mcp,qp, g)/
↳

ftp.?;ee?Ta.on.M0-dim.cmpct.oriwhenindip--bJgeneric . +nice M

③ Suppose u : R✗I→M hash ] =p, then

indp = indcu ] = ind Dz,uT Fredholm operator,

computed using Maslow index Ialso relevant forgrading) .

Similarly wcp) : =) u*w for [u ] =p .

R ✗ I → Fact : alf closed when k=Q .

④ Tas in Tw 'P'is the formal variable in Novikov field :
"

nodal discs are segmentally
A. = { Ii%aiT" : aiek , Ai ER, É↑•Ai= is }

.

carpet
"

I
⑤ Is the expression a finite sum ? Guaranteed by Gromov compactness.

Morse homology Lagrangian Ftoer cohomology
◦ Critical pls of

◦ Lon4
,
Lo
,4 transverse Lagrangian

F : M→ IR CA " (M) C# (Lo
, 4)

• Get 8 by counting gradient
◦ Get 2 by counting (punctured J- holom

flows between crit pts .

discs between twopoints
◦ HIM) hmtpy invariant

◦HELLO
,
4) inv under Hamiltonian isotopy

( of :M✗I→M
, lftsympkctmphsm, 2µW exact)

,

↳ Li Hmtn isotopic⇒HFHLo.li/n-H*lLd,

Li
,
Li - -

. . _ . ⇒ HEY↳ 41--1-11=7441
.



◦ [ indices of crit (F) • (Arnold conjecture ) KIM .
w) Lagrangian.

≥ -2 rank Hilmi a)f. St V-disc DCL, fpw = 0 .
.

Many versions, < Let Him ✗ I→ R be time - dpdat Hamiltonian,
some still open . Ht : MM-13-1/Run> ✗+ ETLTMI. Consider

This one established curve Ntl St ✗ it) = ✗+ (Ntl), let

by Floor using HF. 4 c- Diff (M ) be the -1=1 flow
.

See also recent work 414 . transverse

by Aboizaid - Blumberg.

⇒ 141414≥ Iidimtiki 244
.

4 Fixlthll
Moduli M of punctured Fholom discs plays an important role :

◦ dim Ñ= 0 in suitable cases ⇒ #Ñ makes sense

◦

"

Gluing operations
"

on discs ⇒ product structures the : CF
④"
→ CF

,

◦ Orientation ⇒ the fit into defn of Acs - cat structure
⇒ Fukaya cat FUKLM

.
w)
,

obj = {
"

nice Lam
"

}
,

Homko.li/--
"

CF (Lo
. 4)

.

"

• Invariance under J ⇒ HE, Fuk independent af I

¥
.

A lot of technical difficulties regardingM ⇒ regarding HF
"

.

Fuk
, and so on .

(Ex : what's CFCL.LI ? ?)

Way out {
① Focus on nice M . nice Lcm

.

② Set up more powerful machinery ( !)
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Outline : ◦Mlpq , P, J) : set up. dim/ index, Ori and compactness
◦ HF : dlfn, higher products • Technical difficulties

% to

Mlp, 9 ,P,J) . ◦
> s

'± ¥ ' am :R✗I¥w•mM 're } )
Li

◦ Basic set up
: ✗ = W

"PUR ✗ I
, M) , E- Wk

-"PIN"☒ u*TM)
,

7
see notes ✗↳ E given by ui→J- U section .

"

{ →X
.

from Jun
24

.

Implicit function than :M= 5401 mnfd if s transverse with ✗ %E.

J - holon
⇔"M

"

Fact : guaranteed when linearization
c- Fact : J elliptic ⇒ Du Fredholm

.

JyU=S(
UFO

Du :TuX → Taiga, { → Eu surjective .

Then : For a countable N of open dense in {J}
,
Du Surf. for all

UEM
.

dim M= ind Du = Aim Ker Du - dim Coker Du .

f- {w- anptbl alex J } - w "P(End ITM)). Key idea :

◦ Computing ind Du .

Sara - Smale then
.

For ue M , use the following construction ([FRAT. $5) :

{ Lago subspaces}
◦ Tp Lo

. Tp4 cTpM both Lagrangian ⇒ 7- of c- Span ;R) :
HR"

↑

&(TpLol = IRT ftp.4/--(iR)?Xp:-- f- ' (( e- i"ᵗkRike , c- Map II.Lend.
◦ R✗I contractible⇒ * TM trivial⇒ for E- 10.1}

,
Hami] Tli a u*TM

a path of Lgr from Tpli to -44; denote as li
.

Then lfboerl indldul-mtklo-f.TK?pTp4e?T4,-.jTio).
↳ ↓

Mastoid index : Ti (Llnl) Z
.Ip Cor : humpy of map u ⇒ humpy of hop

To make this precise , need ⇒ indl Da) htntpy inn .↳ to specify hmtpy rel certain
bn dries

.



J-holom
.

Alternative descriptions : Recall that for closed Riemann surfaces -24 M ,
ind Du = Édim M . ✗ (E)+24 , ITM),u* ( Atiyah

- Singer ) ,Riemann - Roch
° Fact : for Riemann surfaces w/ boundary, suppose 7-2 = U Bi , Bi ≤ s

'

.

U :(E , Bi ) → ( M , Li )
.

Under trivialization UHM , €_% } U Bi
☒Thi /Bi defines loops lie Llnl,

IIÑS]
, Pnp 2.6.71

z

ind LDa) = ✗(E) ᵈimzˢ +2 Ii µCli).
"rd&n#"

For punctures. further correction terms given by

ftp.n#gg-zEMzE1-E-MzcY-Gnley-Zehnderind( Similar to Mahou index.

references at CMSJ 12 ] , p. 490)

◦ Rink : Main result of [FRI] ( Then 1) describes ind Du as

signed count of the spectra of a path of operators in EndUHM /→ IR✗I.
lie , the

"

spectral flow
"

)
.

"

inD= crossings of spec flow
"

back to Atiyah - Parodi -

Singer on Atiyah - Singer. See also 1W] § 3- 4
.



◦ Babbling and Gromov compactness.

Recall : U : IR ✗ I→ M
,
Ecu) : =ftp.yldui .

↳ energy
Lma : Ecu) = f

µ ,
21J
] UP + WW . Pf

.

: Compute using toe Coor ( Sitt
. its = It

.

RmK : firm U*w only depends on [u ] C- Hi , so Fholom U minimizes

Elul for fixed ④ C- Hz
,

Ecu)=Su*w
.

=É
Question . if {Ui }⇔ c- Mcp. 9, P, J) satisfies snpi Emiko,

how does {hi } converge (within some larger space. Car✗ I. m)) ?

Fact :( (MST) , -1hm 4. 1.3) if further sup,

- AditiHosek,< • for all carpet
Kc IR ✗I.then 7- Subsequence converge w/inµ { uniformly on all derivativeson all cmpcts 4R✗I.

"

E- bound can be replaced by W
" P
- bounds for any p >2 .

However
, Sup ; Elukls concerns E- norm of du . So need to consider

cases where Shpilldui His =b) supillduilhs < is stronger condition



Lma : 7- ÉEIR ✗ I :/duiczi) / = llduillis
,

◦ If subsequence in
,

2-
in
converges to ± • ✗ I

,
7- a'
"
ER

,
→ ± is, St

strip
iii. - ais;) converges to ]- holom strips vi. u

"

,
then uh converges to

breaking More precisely : win converge to → in citopbgy,
IRXI M

↳
c- Loki

.

and Wii! Hp) away from e- ie
, away from singularity

• if 7- subsequence in
,
Zin converges to int CR✗II. 7- fine Aut4R✗I),

sphere St near thing
,

Zin
,
Kin . uin) converges to 5- holon $-7M .

COÑ→ him)"

§
• MY → m -

and

! → M
.

Disc
• if 7- subsequence in, Zin converges to IR ✗ 21

.

7- $" c-Aut

babbling a- nearly:p. zni, @
in
. uin/→J- holon (D: → (MH

.

%

F- ( For reference , see [IS ] ; the analogue for

5-> M is established in CG ]
,
§ i. 5)

Ll

Rink ◦ Think of the added curies as boundary of a .

◦ Compare w/ Bligh - Mumford anptfction of moduli of curves
stable curves . nodal

-

Mg in C Elgin
, ✓ curves ul combinatorial

11 11 constraints (for

{ } Mg.nu { } snantwiu Autgept

See [1--000]
,
§ 2.1.2 , CMS-512] § 5- 6, [w ] § 9.3 for more .

◦ Later he will look at moduli of punctured discs in more detail.



Principal 50in) - bundle : bundle with fibres
° Orientation ✓

homes to Socal and free Sam- action .

Recall : Spin in is the double coke
( M

, g) Ori ⇒ FsdMlp : = {Ori orthonormal basis of Tpm } of Sam. hence a liegap.
Ori . I

Defn : A spin structure on 1M, g) is a principal spin cat bundle
p → M w/ bundle map P→ Fso (M) = { SO IN- frames of TM ] ,
which is an equivariant double cover. Similar defn for vector bundle

w/ metric .

✓

"

Chem classes for IR - lot bundles
"

Fact :( Mi g) admits a spin structure iff want c- 1-MM, 242) vanishes.

Defnllf 000] , § 8.1.2) (Lo, 4) is relating spin if 7- YEH 4M, 212) it

41 Li = Wall ;) c-tiki , 212). ( special case :L i both spin . 9=0.

)

Rel spin structure : Orion Li
,
IR - rect bundle V→Ñ w/will =

and spin structure on TL; ④V1E-
2- The#
'

Thm
. 111=0001, § 8.1.14) (Lo, 4) rel spin ⇒Mlp, 9, p,J) ori .

'

Idea : dlfn Du on
'

if dlt Du = det Koker Du ) ④ det Ker Du Ori . This
[wt

gills on
'

on Tull
.
Globalize this to det →M.at) det Da

.

Rmki We will also be interested in orienting 2Ñ, in particular
strip breaking I 1. idea : chop off the endsand glue tour ]

yggq.gg
compare det Dui ④ det Du " with det Dñr for large R ,
so that the broken strip gluing mapMill -5M Ori-preserving . [☒

→ c-

R→ is R→ is


