OMI[I’P\L H

I Woblhansen S - constretion & K—rﬁ.

2. Modem stog of oqelovomic trace . The  umiversl
property approsch.

3. St of  Thorm o Dods - Goodille - Moy,

4 Lo of  CGoodulle  coleds.

s Swieh i of ff of DLM

I. Wawansw So - constmetion & aé_. K - ‘Y'Aw\vj
lat € = cteble o0 - et
Recsll shot the W:-UW S. - costmutiom assoe. w/ € &

os 'F”OWS :
S.€ ¥ x
glﬁ > € x — X €€t
3
Gt & Pl . €) ¥ —s  Xto.0) —  X(0.1)

u{”) ;u‘I Xw.9) — X(2.1) — X(I.1)



Gl = Fm(a™l. €) % —> X00.0) —» X(2.1) — - — X(9.%)
l | |

¥ — X(,1) — . = X.w)

"‘/ eaJ« almv-e s
CoComtaSiomn (PV\SLM) X(n.n)

Then 1D eah Sl s swolle o0-cot
2) gt an olghmic K gt KE) W/
Keyn = [ (See) ]
whoe (=) = ana - suhwnro-'ol.,
e = S.-Se

\— pr—
n times

wl  stcre  mops inofuced g
L)Y — [Se)]
obtrmed by restrietioa o |- skeleton.
& Pk =~ Q68|

R, Shld b Q[wSLT| jsted . wl = cot o we . sl
woolel cot. et € = om(-'vwa madd cot .  Than
£ > N FbRepheemae ( DK(E. wE)))



WLIW, DK = Dh\,jgr - %M inaf)'t'c.fal loca’uwm .

-&r_ 1) K va Q = K via S,

2 K(E) = K($E).
—> K : thg' — S'; lM Eijttﬁc mofo{a[

Notim Co\tr FP < Cats:; ithTo‘fcwt - wmrlu‘.e Sma’, stalzl( 00 - cats
L« G = Gt Rogu

'&E D) f:t-—->9 ¢ Goo ist'me'{w'v(f
Ielm{’-. Il € =5 LhaD.
2) € i‘ D 4, & IS exact (M!) " rt:'F if
S Pl e
- G’D/z: = ¢
- &o-Ff: 0.
In  Cotw : -talu'a Tbewn - .

EE ot F : Gwoy — QF
1) F is oddrive  variant iF

0) F inverts  Morita evzvu'v .



@ F  preserves F/weo( ColinS.
¢), F : ;Pln‘t exact +—» s,;’»’t wf}b seT/.

2) F is  loc iz-‘vsa Invoriont f'F ® ® OMD(
@, F: exet +— aaFL sey .

Wriee PS;\;{J ( Ca.ts.:) : -{;uaws F: ((G.tf:)w)op — % S.t.
@ s Sﬁﬁsﬁtﬂl.
Fope PR (Gel) = Bohy (Gl : L™
Consillr

ool
Mot Gt B2 Py (@) o pe e
€. ' > Moo Cﬁ)

QJJ-"O'V(_ non-cConm. mohve .

Thor  ( Blonbery - Geprer = Tabuock )
Y € ¢ Gtm .
KE) = Mop ( Mkl (S) . Mt (€))
V F  oddie invariont . thun
Mp (K. F) = F($).
Sinailor 'Pr oclizig ~ invoriant

‘P—“‘F THH s a loco.lfz.'.a mvarent = Né(m mvariomt .

THH(E) = colim . ¥ Mop ¢ CXi. ¥ixi)
C(.....C..é','c— i=1



Cor To Mop (K. THH) & o THACS) T & Y/
-ﬂu‘s is fhe set 6{, &TM'V. ch_gc_s 0{‘ mep K — THH

S P —

'to‘r‘&waftlez

"
"n

> Ja:‘rlg Donis  trace. =

um'clwz. lax Sim. mon. 'F;mctor

K X% THY

]].. gctotown‘c. Trace .
R‘OHAM : TC  Morin  mvariant

sa'ca'sﬁes loco‘/ izorhon, ,

BUT NOT preserves frkexen( colims.

Resalve - TC(E) = lma TCE) . whee
TR'(E)

TC' (L)

THHce) T

R

y ( Cm.doﬁcal ﬁxu( ch)
g TRLe) = TR7C0))

B ( Blmlna . Cﬂ.rw.r - Tabuaola ) TC" s [ocm/i&u’g invomiontt .

Tha (B-G-T) Tonis  trace  tr: K(E) — THH(E)

e nat. <trons. °F locp.’fa'a mvoriomts K— TC" .
— e - S'P-valuot 'Fme.tor K— TC"

nat.  tvons. K — T¢

a> oot aF ooqm-'/)(:. maps o 1",



So M (K.TC) ¥ |, MplK.TC")
& |, TC'CE)

TC(E) = § o Z{EB(SW—*Z-T).
ZP'

14

0

To ( )

e

T Mo.,,ck.’rc)

= Aﬁv l"“”‘fl""’"' Cjc]&'boml't‘- Trace 1S e W"?M map

comepords w0 1 € Zp = (Mp(K.TC))  aboe.
Q%m_ K —T— THH
. l NS
C Tc'\
w

H[. (nw oF DMJDtS - awo[wi”fe - Mté'l"ét .
The Joxr B — A mop of connecten] E«-nias. T — A
s‘ujecrive. w/ nil[ww\f kgwa -TLLH TLL o(aUmm IS CowrteSieen Se;
Kg) — TcB)

l l

ki) -5 Tei)

72\-(. 1'0(80« OF pf' 1S T/\t Mo’[lnh (‘O/cvén.s



IV : anwf”fe_ Ca[BMLAs :
IDEA : AP,)yon}w;.u F ( preserves f:lurco( colms ) é

N - exysive ﬁ«m»«s Pn F . I-e.
F —

F— = PawF — RF — - = BF
siibr v Ty ply f F. B b (PF — PuF)
5 davmicd by i deiee of F . drd  9aF
whih  sees  the  pudleifieor port ) of F.

In oo word . OnF =" dtilass  opproimitin 20 .

Qgp&_ls: (1-) excisve = tokes [»\chts vo  pullbacks.
tokeg mg_ 2- fm.a ( which % a Puslwu'r)

-JF on n—chJe Co Im”/mcé
Ee (€.9) o Fm(E.D)

(n-) extisive
| Z N [t{t ouﬁofwt <o

Wie DaF = fb(PF — PuF) . Lis nh dfeaeal of F.
lt, s ob.urMMul. @ 9V\F ) Exl)l-'u‘th ,

2 DnF D

| | &%

e 2L 49

1Ll

— &

a&.{;n IME -I"trov\\-]l\ the qw'va[-au
Q”i)°9nF = F o ,—l'Qfé.



Wb ove mafné inunstﬂnl n TLL e n=| .
FACT Ec(€.D) € B (E.D) € Ex’(.D) € ...

-nL aoootwu'”l'e, Jw‘vatfv&g gF ‘= aF "Sep.." TLL “/u'm»“ ’Mrt df
F o omeoms  thot . -{$r exomple ‘C=To[>*.§>=5'r.
Thn  U. VS X gn. UUV2x . UNV & x. Hu

OF(X) = 9FU) ® 29FwWJ).

L_ ( C,»iusll-'e) If € s Pv\slwwts D has S@Zvun‘tn‘ou' oo’aims
ogv\pl '(:'ARO. limns ( 1‘Lﬁ Ove  commwmwtoitive ) . -fl\ul F: €—>D
owlmfdi Vl"" afpvoxiwrhbr\ PaF . Mommr ) P F s univevso.l

Oumons all F — n-excisie L.
RL Differential Calculus Calculus of Functors
Smooth manifold M Compactly generated oco-category C
Smooth function f: M — N Functor F' : € — D which preserves filtered colimits
Point x € M Object C € €
Real vector space Stable oco-category
Real numbers R oo-category Sp of spectra

Linear map of vector spaces Exact functor between stable co-categories
Tangent space Thr, to M at x oo-category of spectrum objects Sp(C¢)

Differential of a smooth function  Excisive approximation of a functor (see Theorem [6.1.1.10))



V. Outline of f of Dam.
We use the thoorem 0 proe  our statumed
Twa ( Goaduille )
¥ F.G: € — D both presenes fikoml colims |
OF = G . ond both ore “p-amric” . dhn he

‘ﬁuaw-'va o(:h:‘mm (S CorteSiwm :

| e—

F(Y) ——  4LY)
l |
FOXY  — QW)

Y ([)+l)-wnmwl Y— X.

> f f DM, €= G D= . F=K. G=TC

I)Ofl\ ?-Gwﬁﬁc_ ) QIK & 9- T = £-| THH . /Vow re,cl«u.v.
to 'tn'v:’ul sTAo.ve- Zevo ext A XM — A . O‘PP’J Mwi”ie fltm

311, | . Redue o rivial Snove - Zerp  extensom.
Th ( Goodwille 86°)
I e thorem s tue i dhe sfeua/ case whan
Re Ax M (tridel spuve -zeww ext.) . S=A. Hen
it s Tme  in Jewa-,.
DEA_ £ . Use the 91'«#:@‘4.[ Approxin-eion

S — b construcrim  S. IS.| = S



R — - s R. [R.] &= R
Can. Pm -rlw. ?\Aesh'w[ [v.va/vvnx!] . I-e. 'F»cu.s on
K(Ryr — S). Exv S is 'FU. agsocith. . é] o-ssu»r‘him

Rv- — S, SP]l’t Smjec-ﬁVQ 5 R = M ox Ar

ggp 2. C»m[wf”-'e dorivatives "F K & TC.

FACT  ( Diws - MeGowthg )

M e A-bimool. ) ?A= ij A-Moa[. —”\M

THHCA- M) & e O CQng“’q:A Howmg palC. cBM)
Lﬂ:t <P£A:M) be cot oF oh’: (P-a) .
wee P & Py
x: P — PORM A-liee
mov: : (P. o) P, — R® M

1 f % l l‘ﬁ’@'

(PL-O‘&) P:. b— P’-QA/V\

Der. IKCPCA. M) = oa'l‘-m Q (ceLéﬂPA How}s. MJA(C' CQAM))!
and ELA,M) = wa.-b( KCPA,. M) — KA )
= QKC(A.M).

ea. K(PCA.0)) =  colim,, D",( cJZLsf"’?A —»)) & KA.

FACT (M-Nu&rdj) K(PLA.M) = K(AXM)



Lo i Smp | . we com oko nse +he s»‘wp/fa'a./ approximation
M — M MM Sgoe M s m-conmectal . rie.
TelMl =0 . x e m.  (onsidr A aﬂ'i.]mm

KCA. M) ---~------=> THH(A.M)

e | &

oF P 2 of e B of Tlnﬂ"”
where
57 = o

How ceropdy (c- C®AM)‘ — | SP'Py] )

ce SR

AP b (18P | L, ergong (e corm])

cP)

THH = I D, gPp,  Homgempd, (. c@q /V\)’ ,

‘P_M—F ( Dmv(m.s-McGrL/j ' )
°<p S et &DS!: (P-3)-oonu.cncl . PP is M-wnnami

IDEA gE EE Cansn'ob.r the a/acjra-m

I(Ll How\s.MJA (c. c@AM))I ——  [SP R

ce S Py
|
(V. h

(¢, c® M) — *
ce SSP‘PA wko /MA A ) ’

Then  nse B[ALvs—MmSSf—J theovem .



TDJQ P >> 2m |, p —2 0 . ja
QKA. M) = THH(A.M).

For TC.  the Story s simiber . Comesdor
TE(A.M) == Dofib ( TCLAXM) — TC(A))
= 9TC(A.M).

The 'F’“"'”"‘B fw Hesselhole  ( 193%)
Ao nse the c-'mr[.ual opproximactio . Nota the ma&véf-a space i
TC(A®M).  Sype M «— Mo is  m- conmected.
Reoll  THHCA.-M) = [NF(AOMI|  whre the cple bar
onstnctin N (Ao M) = (Ao m)®™

= Viep A" & m®S
W TamAM) = Vsera A2 o m®*

ISI= &

eq. To.s (A.M) = THHCA).

E’F ( Hescelhok 94').
O |T.Am| = S A THHCA. M)
2)  cylowmic  stwetuwe  map s e b
R Ta (AWM —  Top . (A M)
which  inolaces
TCA.M), = (ko,l{: (\7 Tes. . (A.M))CP'):

$=0



3) % cl\ulua -fl\l. mn.e.c.'n'vf\tj . Ow( loolt at TLI- fm S'-acr,bn.
RHS & (l\o’fw\RP (T..(A.M))C"'):
¢ (holimy (S/Cro A THHCA. M),

\J\KL s a camse?,mcz_ o{' .

,?J ?MPOSH!'M . od S l/ Cpr = S'. one Jets
ITCCA.M), = TECA. M)y = (5 THH(A.M));

gtn.r 3. Anahtoi:j O-F K & TC.
Thm  ( Coodille {w K. 92°; McCoij -fw TC . 17')

K ond TC are 1) - omalytic .

gte.r 4. vaoxu'mte. B — A " -rlw. aJWt Q.]ain @
Ss'Mf'iual rists B. . A. vest.'wIJ . then uwe e
P-wmplml cose ( o.k.a. /VlcCur:/J s Mew\ ) ow(

use Ssome comrln‘catco( examinption  on covmectfvfzj Ju'elols 'fAL

dicived  veswlt (a.k.a  Dundas 'rl\wm«)



