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I Waldhansen S construction alg K theory

Let e stable is cat

Recall that the Waldhansen Sn ⼀ construction assoc w e is

as follows

Set
S e e x E e

Sze E FunIΔ el x10.01 X10 11

I
X11 1

I

cofib seq X10.07 X10 11 X11 11



Snl E Fun1⼼ e xio.ol sxio.nl x10n

X11 17 X11 nl

以 each
square is

cocartesian inshout XIn.nl

I

Then 1 each Snl is stable is cat

2 get an algebraic K spectrum Keel w

keeln l S er1
where 1 1 taking

maxsubgroupoid.sime sit
w structure maps

induced ly
I ei 1 S.e51
obtained ly restriction to 1 skeleton

So 2 kill e 2115 li1

Rk Should he 2lwS.lt I instead we catwlwe.us nay
model cat Let E ordinary model cat Then

E N FibReplacement DK e we



where DK Dwyer Kan simplicial localization

Pmp 1 K via Q K via S

2 K e1 K Spe

K Cats Sp lax symmetric monoidal

is eat of smallstable is nats
mor exact functors

I presevvesfinierl.incolins

NotionCauPtf Cat idempotent complete small stahlecs.cat

Idem Cais Cutisf Forget

Def i f e 0 Cats is Morita equiv if
Idemf Ideme Idem8

21 e t O e E is exact Kanonbi in Cat时 if

f fully faithful
ole Ʃ

g o f e o

In Cats taking Idem ⼀

Def Let F Cats ⼀ Sp

1 F is addiiivemnnninariannt if
F inverts Morita equiv



F preserves filtered colims

F split exact i ssplitcofibseq

27Fislotizingninva_ria_nt.fi0
and

F exact i cofib seq

Write Pshsqd Cat functors F Cat Sp st

is satisfied

Fonget PShid Cats PShg.tlCat w Ladd

Consider

Madd Caiis Ydapshspllcaiilwledpshsiddccai.si

e i s Madd e

additive non.comm motive

Thm Blumberg Gepner Tabnada

He Cats

K e E Map Madd 1 Madd e

It F additive invariant then

Map IK F E F I

Similar for localizing invariant

Pmp THH is a localizing invariant additive invariant

THHIe E cw.lincnee Mapel Xi Xitll



Cor To Map K THH E ToTHA E ToIS I

This is the set of equiv classes of map K THH

of lax sym mon map correspon

to the unit I E E

nt get the Dennis trace unique laxsym mon functor

K ⼀
⼤ TH

HICyclotomic trace

Problem TC Morita invariant satisfies localization

BUT NOT preserves filtered colims

Resolve TC e limn TC e where

TR e E THH e CP categorical fixed pts

TC e eq TR Lei啙 TR el

Pmp I Blumberg Cepner Tbnadal TC is localizing invariant

Thm B G T Dennis trace tr Kle ⼀ THH e

四 nat trans of localizing invariants K TC

⼀句 Sp valued functor k TC

nat trans K TC dataof compatible maps to TC



So Map K TC E limn Map K TC

limn TC It after p completion
E TC E f hT E

ToMap K TCI E To E Ip

After p completion cyclotomic trace is the unique map

tnc K TC

corresponds to 1 E 不 To Map K TC above

Slogan K ⼀⼤ THH

tu Tcn

TC ˊ

I Theorem of Dundas Goodwillie McCarthy

Thn Let B A map of connected Ei rings.ioB TA

surjective w nilpotent kernel Then the diagram is cartesian in Sp

K B
在

TCCB

t
K A ⼀

⼤
TCCAI

The idea of pf is the Goodwillie Calculus



IV Goodwillie Calculus

IDEA Approximate F preserves filtered colims y
n excisive functors PnF.ie

F Pnti F PnF PoF

similar to Ter poly f F Each fib IPnF Pu Fl

is determined ly nthderivative of F denoted 7nF

which sees the multilinear part of F
In other word 2nF multilinear approximation to F

Unpmak 11 1 exeisive takes

pnshontstopullbacks.in1excisine takes any 2 face whih is a pushout

of an n cuhe to pullback

Pn is left adjoint to Ea e D Fun e 0

Write DnF fihlPnF Pn.FI It is nth differential of F

It is determined hy 2nF Explicitly

enn_Dn_E.siIe Iro
Spe PE Spo

define 2nF through the equivalence

2 2nF E Fo TI rei



We are mainly interested in the case n 1

FACT Exile 0 ExtYe 0 Exile.D

The Goodnillie derivatives OF 7 F see the linear partof
F means that for example e Tp 0 Sp

Then U.VE X open U UV x.UA Ve then

OF X OF UI OFIV

Thm Goodwillie If ehaspushonts.IO has sequential colims

and finite lims they are commutative then F e 0

admits nth approximation PnF Moreover PnF is universal

among all F n excis.ve functor

Rk



V Outline of pf of DGM
We use the theorem to prove our statement

Them Goodwillie

If F G E D both preserves filtered

colims.O.FEO.cnand both are p analytic then the

following diagram is cartesian

FIYI G Y

FIXI G X

H p 1
connected Y

X.mtt.inM

riiaiii ii iiiii in
to trivial square zero extAXM A.apnlyGouduill.ie then

Step 1 Reduce to trivial square zero extension

Then Goodwillie 86

If the theorem is true in the special case when

R A M Itrivial square zero ext S A then

it is true in general

IDEAof_pf.US e the simplicial approximation
S bar construction S I S.IE S



R R IR.IE R

Can pnoue the question levelwisely ie focus on

K Rr Sr Each Sr is free associative hy assumption

Rr Sr split surjective Rr Mr x Ar

Step 2 Goodwillie derivatives of K TC

FACT Dundas McCarthy

ME A bimod PA sn j A mod Then

THHIA.MI whim 2 I
sinin

Homs.ModiC AM 1

Let PCA MI be cat of obj P α1

where P E PA

α P P AM A linea

mor P α 7 P s P AM

f fp lfn 1

P2α21 Pz ⼀ PzAM

Define K PCAMI conlimRnlldtsm.ptHoms.ModA
C C AM I 1

and K A M hofibIKCPCA.MN KA1

DK A M

eg K PIA ol colimn 2 11 ĚsmpA 1 E KAI

FACT Dundas MiCarly K PIA.MI K 1A X M



Like in Step I we can also use the simplicial approximation

Mo sM.IM.l EM Suppose M is m conneiced.ie

T M 1 0 m Consider the diagram

K A M _________ THH A.M

I E
s2 fib 为 2 cof 217THH

where

fib fill ldtsinpAltomsiiimudAlc.COAMIl s1S P'PAl

1cof cofib IS PAI ldtsinpttomsiimudACC.COAMll

THH 1 cE S PA Homsi'ModA C C AM 1

Pmp Dundas McCarthy 94

Xp is at least p 31 connected βp is 2m connected

IDEAofpfu n

r.ConsiderthediagramllcetsinpAHoms.Mod.tk

C AM l IS

All
llceipAHoms.Mod.tlC C AMI l
Then use Blakes Massey theorem



Take p 2m p is get

OKLA.MI THH A.M

For TC the story is similar Consider

T A.M hofib TCCA X M I TC A 1

DTC A M

The following from Hesselholt 1994 Stable TC is THH

Also use the simplicial approximation Note the underlying space is

TC A MI Suppose Ma M.is m connected

Recall THH A.M IN A MII where the cyclic bar

construction Ni A M E A M1

E Vssing A
n 5

M

SWrieeTa.nlA.M1 cin A
IE

M

SegTo A M1 THHIAl

Prop I Hesselholt 94

11 IT A M11 E SI n THH A M

21 cyclotomic structure map is given hy

Rp Ta AM14 Tap A M CP

which induces

T A.M hi Tps A.MIY



3 By checking the connectivity and look at the free S action

RHS holim
Rp IT A.M1 4

E holimr IS Cpr 1 THHIA MI

which is a consequence of ⽌

y Pnoposition and S Cpr E S onegets
OTCCA MI T A MI EIITHHKA.MN

Step3 AnalytcityofK
TC.ThmIGoodwilliefork92 McCarty for TC 97

K and TC are ⼀ analytic

Step 4 Approximate B A in the argument again ly
simplicial rings B An respentirely then use the

p completed case a.k.a McCarty s theorem and

use some complicated examination on connectivity yields the

desired result a.k.a Dundas theorem


