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@ Motivation: Computation of Algebraic K-Theory
© Topological Hochschild Homology and Topological Cyclic Homology
© Descent Spectral Sequences

@ TC of Local Fields
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Collection of Algebraic Number Theory

Let F | Qp be a finite extension, and OFf be its ring of integers.
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Collection of Algebraic Number Theory

Let F | Qp be a finite extension, and OFf be its ring of integers. We will
always assume F is a local field, i.e. a complete discrete valuation field
with finite residue field k.
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Collection of Algebraic Number Theory

Let F | Qp be a finite extension, and OFf be its ring of integers. We will
always assume F is a local field, i.e. a complete discrete valuation field
with finite residue field k.

Let Mg € F be a uniformizer of F. Equivalently, v(IMg) =1 and v(Mg)
generates v(k*) for the normalized valuation v.
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Collection of Algebraic Number Theory

Let F | Qp be a finite extension, and OFf be its ring of integers. We will
always assume F is a local field, i.e. a complete discrete valuation field
with finite residue field k.

Let Mg € F be a uniformizer of F. Equivalently, v(IMg) =1 and v(Mg)
generates v(k*) for the normalized valuation v.

Key examples: F = Q,, is the p-adic numbers, O = Z,, is the p-adic
integers, and p is a uniformizer of Q,.
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Collection of Algebraic Number Theory

Let F | Qp be a finite extension, and OFf be its ring of integers. We will
always assume F is a local field, i.e. a complete discrete valuation field
with finite residue field k.

Let Mg € F be a uniformizer of F. Equivalently, v(IMg) =1 and v(Mg)
generates v(k*) for the normalized valuation v.

Key examples: F = Q,, is the p-adic numbers, O = Z,, is the p-adic
integers, and p is a uniformizer of Q,.

Write er to be the ramification index of F | Qp, and fx to be the inertia
degree. Write Ef(z) € Of[z] to be the Eisenstein polynomial.
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K ory of Local Fields

We will always fix a prime p > 2.
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K-Theory of Local Fields

We will always fix a prime p > 2.

What is K.(F)? Or what is K.(OFf)?
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K-Theory of Local Fields

We will always fix a prime p > 2.

What is K.(F)? Or what is K.(OFf)?

@ K-theory of F verifies the Quillen-Lichtenbaum conjecture if F does
not contain certain roots of unity. (Hesselholt-Madsen, 2003)
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K-Theory of Local Fields

We will always fix a prime p > 2.

What is K.(F)? Or what is K.(OFf)?

@ K-theory of F verifies the Quillen-Lichtenbaum conjecture if F does
not contain certain roots of unity. (Hesselholt-Madsen, 2003)

o If F=W(F,), Ki(F/p") will recover the calculation of K.(Z/p").
(Antieau-Krause-Scholze, 2024)
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Classical Problem
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Classical Problem

How to compute K, (R) for a general group/ring/field R?
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Classical Problem
How to compute K, (R) for a general group/ring/field R?

Theorem (Dundas-Goodwillie-McCarthy)
Assume that / is a nilpotent ideal in R. Then there is a natural pullback
square

K(A) —— K(A/I)
cyclotomic tracel lcyclotomic trace

TC(A) —— TC(A/I)

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024 6/31



Outline

© Topological Hochschild Homology and Topological Cyclic Homology
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Topological Hochschild Homology (THH)

Let R be a commutative ring spectrum, i.e. an Ey-ring. Write
CAlg := Algg_ (Sp), and S is the oo-category of spaces.
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Topological Hochschild Homology (THH)

Let R be a commutative ring spectrum, i.e. an Ey-ring. Write
CAlg := Algg_ (Sp), and S is the oo-category of spaces.

Definition

The topological Hochschild homology of R is defined to be
THH(R) = R ®Rrggrer R.
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Topological Hochschild Homology (THH)

Let R be a commutative ring spectrum, i.e. an Ey-ring. Write
CAlg := Algg_ (Sp), and S is the oo-category of spaces.

The topological Hochschild homology of R is defined to be
THH(R) = R ®Rrggrer R.

Definition/Proposition

The functor Mapcag(R, —) : CAlg — S has a left adjoint, denoted by
R®~ .S — CAlg.

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024 8/31



Topological Hochschild Homology (THH)

Let R be a commutative ring spectrum, i.e. an Ey-ring. Write
CAlg := Algg_ (Sp), and S is the oo-category of spaces.

The topological Hochschild homology of R is defined to be
THH(R) = R ®Rrggrer R.

Definition/Proposition

The functor Mapcag(R, —) : CAlg — S has a left adjoint, denoted by
R®~ .S — CAlg.

Equivalently, THH(R) = R®S". This is closely related to the universal
characterization of THH (McClure-Schwanzl-Vogt).
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Topological Hochschild Homology (THH)

Let R be a commutative ring spectrum, i.e. an Ey-ring. Write
CAlg := Algg_ (Sp), and S is the oo-category of spaces.

The topological Hochschild homology of R is defined to be
THH(R) = R ®Rrggrer R.

Definition/Proposition

The functor Mapcag(R, —) : CAlg — S has a left adjoint, denoted by
R®~ .S — CAlg.

Equivalently, THH(R) = R®S". This is closely related to the universal
characterization of THH (McClure-Schwanzl-Vogt).

We will use these definitions interchangeably.
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Topological Cyclic Homology (TC)
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Topological Cyclic Homology (TC)

THH(R) has a natural S'-action.
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Topological Cyclic Homology (TC)

THH(R) has a natural S'-action. What's more, it is a cyclotomic

spectrum, i.e. there is a S'-equivariant map THH(R) — THH(R) for
all prime p.
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Topological Cyclic Homology (TC)

THH(R) has a natural S'-action. What's more, it is a cyclotomic
spectrum, i.e. there is a S'-equivariant map THH(R) — THH(R) for
all prime p.

Definition

@ The negative topological cyclic homology of R is defined to be
TC(R) = THH(R)"S".
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Topological Cyclic Homology (TC)

THH(R) has a natural S'-action. What's more, it is a cyclotomic
spectrum, i.e. there is a S'-equivariant map THH(R) — THH(R) for
all prime p.

Definition

@ The negative topological cyclic homology of R is defined to be
TC(R) = THH(R)"".

@ The topological periodic cyclic homology of R is defined to be
TP(R) = THH(R)®".
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Topological Cyclic Homology (TC)

THH(R) has a natural S'-action. What's more, it is a cyclotomic
spectrum, i.e. there is a S'-equivariant map THH(R) — THH(R) for
all prime p.

Definition

@ The negative topological cyclic homology of R is defined to be
TC(R) = THH(R)"S".
@ The topological periodic cyclic homology of R is defined to be
TP(R) = THH(R)®".
@ The topological cyclic homology of R, denoted TC(R), is defined to
be the equalizer of the canonical map
can: TC(R) — TP(R),

and the cyclotomic Frobenius

¢ : TC(R) = TP(R).
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fy-algebra.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024



Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Q@ Sy (k) is p-complete.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Q@ Sy (k) is p-complete.

Q Sy (k) is flat over Sj.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Q@ Sy (k) is p-complete.

Q Sy (k) is flat over Sj.

© mo(Sw(k)) = W(k), the ordinary ring of Witt vectors.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Q@ Sy (k) is p-complete.
Q Sy (k) is flat over Sj.
© mo(Sw(k)) = W(k), the ordinary ring of Witt vectors.

Q@ Mapcaig(Swk), R) = Mapcaig(k, m0(R)/p) is an equivalence, for all
p-complete E.-ring R.
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Spherical Witt Vectors

Consider S;,\ € CAlg(Sp) be the p-complete sphere spectrum. Let k be a
perfect Fp-algebra. The spherical Witt vectors Sy () is an Exo-ring
characterized by the following properties:

Q@ Sy (k) is p-complete.
Q Sy (k) is flat over Sj.
© mo(Sw(k)) = W(k), the ordinary ring of Witt vectors.

Q@ Mapcaig(Swk), R) = Mapcaig(k, m0(R)/p) is an equivalence, for all
p-complete E.-ring R.

Moreover, Syy (k) is uniquely characterized by the above properties.
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Relative Story
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Relative Story

Let Sy (k)l20, 21, Zn] = Swk) @s TN be the free Eoo-ring
generated by n+ 1 copies of commutative monoids N.
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Relative Story

Let SW(k)[Zo,Zl, oo ,Zn] = SW(k) Xs ZanJrl be the free Eoo-ring
generated by n+ 1 copies of commutative monoids N.
We can define the related version of THH, TC™, TP, TC:

Definition

Let R be a Syy(x)[20, -, zn]-algebra. Then

1
o THH(R/SW(/()[Z(); 000 7zn]) — R®SW(k)[ZOa"'1Z"]S .
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Relative Story

Let SW(k)[Zo,Zl, oo ,Zn] = SW(k) Xs ZanJrl be the free Eoo-ring
generated by n+ 1 copies of commutative monoids N.
We can define the related version of THH, TC™, TP, TC:

Definition

Let R be a Syy(x)[20, -, zn]-algebra. Then

1
o THH(R/SW(/()[Z(); 000 7zn]) — R®SW(k)[ZOa"'1Z"]S .

o TC (R/Swilz0, - ,2a]) = THH(R/Swwlz0, -+ za])'S";
il
TP(R/Swkl20, - »za]) = THH(R/Swiglz0, -+ , za])* .
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Relative Story

Let SW(k)[Zo,Zl, oo ,Zn] = SW(k) Xs ZanJrl be the free Eoo-ring
generated by n+ 1 copies of commutative monoids N.
We can define the related version of THH, TC™, TP, TC:

Definition

Let R be a Syy(x)[20, -, zn]-algebra. Then

1
o THH(R/SW(k)[Z(); 000 7zn]) — R®SW(k)[ZOa"‘1Z"]S .

o TC (R/Swilz0, - ,2a]) = THH(R/Swwlz0, -+ za])'S";
il
TP(R/Swlz0. -+ » z]) = THH(R/Sw(x)[z0.- -, za])™ .
o Similarly can define the relative TC(R/Sw(x)[20, " - -, zn])-
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Relative Story

Let SW(k)[Zo,Zl, oo ,Zn] = SW(k) Xs ZanJrl be the free Eoo-ring
generated by n+ 1 copies of commutative monoids N.
We can define the related version of THH, TC™, TP, TC:

Definition

Let R be a Syy(x)[20, -, zn]-algebra. Then

1
o THH(R/SW(k)[Z(); 000 7zn]) — R®SW(k)[ZOa"‘1Z"]S .

o TC (R/Swilz0, - ,2a]) = THH(R/Swwlz0, -+ za])'S";
il
TP(R/Swlz0. -+ » z]) = THH(R/Sw(x)[z0.- -, za])™ .
o Similarly can define the relative TC(R/Sw(x)[20, " - -, zn])-

Change-of-base formula:

THH(R/S) ~ THH(R) ®THH(S) S.
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© Descent Spectral Sequences
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Adams Resolution

Let E be a ring spectrum.
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Adams Resolution

Let E be a ring spectrum. Classically, the E-Adams resolution of a
spectrum X is a long E-exact sequence

0= X—=h2hSh2...

where [;'s are E-injective, ij;1i; ~ 0 for all j > 0.
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Adams Resolution

Let E be a ring spectrum. Classically, the E-Adams resolution of a
spectrum X is a long E-exact sequence

0= X—=h2hSh2...
where [;'s are E-injective, ij;1i; ~ 0 for all j > 0.

Every E-Adams resolution will give rise to an E-Adams tower, and thus an
E-Adams spectral sequence.
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Hopf Algebroid and E2-page

Let X be the E-completion of X, and assume (m.E, ELE) is a Hopf
algebroid.

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024



Hopf Algebroid and E2-page

Let X be the E-completion of X, and assume (m.E, ELE) is a Hopf
algebroid. Then the E-Adams spectral sequence looks like

E? = Bxt2 g (m.E, Ei(X)) = ms_e(X).
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Canonical Resolution
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Canonical Resolution

The canonical E-Adams resolution (augmented cosimplicial spectrum) is

0+ X+ EAX B ENEAX L ENAXE .

where [, = ENMD A X, and i, = S0 idM A e Aid ™ Aidx.
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Canonical Resolution

The canonical E-Adams resolution (augmented cosimplicial spectrum) is

0+ X+ EAX B ENEAX L ENAXE .

where [, = ENMD A X, and i, = S0 idM A e Aid ™ Aidx.

El-page of the Adams spectral sequence is the cobar complex

0= E.(X) = E.E ®n.g Ex(X) = E.E®? @, p Eo(X) — -
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Canonical Resolution

The canonical E-Adams resolution (augmented cosimplicial spectrum) is

0+ X+ EAX B ENEAX L ENAXE .

where [, = ENMD A X, and i, = S0 idM A e Aid ™ Aidx.
El-page of the Adams spectral sequence is the cobar complex

0= E.(X) = E.E ®n.g Ex(X) = E.E®? @, p Eo(X) — -
The cohomology of this cobar complex is E2-page, i.e.

E? = H*(E') = Extz g (mE, E(X))
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Case for THH

There is a canonical Syy(x)-Adams resolution of S by

0—+S— SW(k)[Z] — SW(k)[Zo,Z]_] — SW(k)[Z]®[2] — SW(k)[z]®[3] — e
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Case for THH

There is a canonical Syy(x)-Adams resolution of S by
0—+S— SW(k)[Z] — SW(k)[Zo,Z]_] — SW(k)[Z]®[2] — SW(k)[z]®[3] — e
Regard Ok as an E.c-algebra over Sy [2]®[] via

Swwlzl® = W(k)[2]* — Ok,

where the last map sends all variables z; to Ng.
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Case for THH

There is a canonical Syy(x)-Adams resolution of S by
0= S = Swk[z] = Swklzo. 21] = Sw)[21°P = Syw2]®BF — - -
Regard Ok as an E.c-algebra over Sy [2]®[] via
Swin (2] = W(K)[z]" = O,
where the last map sends all variables z; to Ng.
By the change-of-base formula, we get an augmented cosimplicial

Eoo-cyclotomic spectrum:

THH(Ok /Sw(x)) — THH(Ok /Swl2]*).
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Descent SS

As in the classical case, we have everything expected:
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As in the classical case, we have everything expected:
o THH(Ok /Swk)) == limy THH(Ok /Sw(x)[2]1).

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024



As in the classical case, we have everything expected:
o THH(Ok /Swk)) == limy THH(Ok /Sw(x)[2]1).
o (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])) is a HOpf algebroid.
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As in the classical case, we have everything expected:
o THH(Ok /Swk)) == limy THH(Ok /Sw(x)[2]1).
o (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])) is a HOpf algebroid.
@ As a result,

E2 = EXt;:IfI*(OK/SW(k)[zo,Zﬂ)(THH*(OK/SW(k)[Z]))
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As in the classical case, we have everything expected:
o THH(Ok /Swk)) == limy THH(Ok /Sw(x)[2]1).
o (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])) is a HOpf algebroid.
@ As a result,

E2 = EXt;:IfI*(OK/SW(k)[zo,Zﬂ)(THH*(OK/SW(k)[Z]))

The same story happens if we replace THH, by TPy.
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:
o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).

o THH.(Ok/Sw(k)l20, 21]) = Ok[uo] ®o, Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
zZyp — 71 € HHQ(OK/W(k)[Zo,Zl]).
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:
o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).

o THH.(Ok/Sw(k)l20, 21]) = Ok[uo] ®o, Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
zZyp — 71 € HHQ(OK/W(k)[Zo,Zl]).

The other operations are given as follows:
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:
o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).

o THH.(Ok/Sw(il20, z1]) = Ok[wo] @0k Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
zZyp — 71 € HHQ(OK/W(k)[Zo,Zl]).

The other operations are given as follows:

e Right unit: nr(u) = u1 = up — Ef(Mk)tzy—2z-
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:

o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).

o THH.(Ok/Sw(k)l20, 21]) = Ok[uo] ®o, Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
zZyp — 71 € HHQ(OK/W(k)[Zo,Zl]).

The other operations are given as follows:
e Right unit: nr(u) = u1 = up — Ef(Mk)tzy—2z-
e Comultiplication: A(t[i] ) = Po<j<i il

Z0—21 Z0—21 z0—21"
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:
o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).
o THH.(Ok/Sw(k)l20, 21]) = Ok[uo] ®o, Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
zZyp — 71 € HHQ(OK/W(k)[Zo,Zl]).
The other operations are given as follows:
e Right unit: nr(u) = u1 = up — Ef(Mk)tzy—2z-
e Comultiplication: A(tLQ]_ZI) = Y o<j<i tsz)]_ZI ® tg)__gl

e Counit: g(tz—z) = 0.
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Hopf Algebroid for THH

The explicit ring structures for the Hopf algebroid for THH are known:

o THH.(Ok/Sw(i[z]) = Ok[u], where u € THH, is the lift of
Bokstedt element in THH2 (k).

o THH.(Ok/Sw(il20, z1]) = Ok[wo] @0k Ok (tz—z), where
up = nr(u), and ty,_ is obtained by a variant of
Hochschild-Konstant-Rosenberg theorem applying to
Z)— 71 € HHQ(OK/W(k)[Zo,Zl]).

The other operations are given as follows:
e Right unit: nr(u) = u1 = up — Ef(Mk)tzy—2z-
e Comultiplication: A(tLQ]_ZI) =D o<j<i tsz)]_zl ® tg)__gl

e Counit: g(tz—z) = 0.

e Antipode: c(ug) = u1, c(u1) = uo, c(tz—z) = tz—z.
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E2-page of Descent SS for THH

Write (A, F) = (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])). Want
to calculate Extr (A, A).
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E2-page of Descent SS for THH

Write (A, F) = (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])). Want
to calculate Extr (A, A).

Taking the injective resolution of A as a left -modules:
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E2-page of Descent SS for THH

Write (A, F) = (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])). Want
to calculate Extr (A, A).

Taking the injective resolution of A as a left -modules:

x+—D(x)

0— AL, [ 22PId -0 o,

— t7U and |dz| = 2.

Z0—21"

where D : t[i]

20—21
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E2-page of Descent SS for THH

Write (A, F) = (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])). Want
to calculate Extr (A, A).

Taking the injective resolution of A as a left -modules:

0 AT X229 o,
where D : tg)]_Zl — tg__lzll, and |dz| = 2.

Apply Homr(A, —) to it, and by Homa(M, N) = Homr(M,T @ N), we get
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E2-page of Descent SS for THH

Write (A, F) = (THH*(OK/SW(k)[Z]),THH*(OK/SW(k)[Zo,Zl])). Want
to calculate Extr (A, A).

Taking the injective resolution of A as a left -modules:

0 AT X229 o,
where D : tg)]_Zl — tg__lzll, and |dz| = 2.

Apply Homr(A, —) to it, and by Homa(M, N) = Homr(M,T @ N), we get

f—(Doong)dz
— =R

A Adz,

where Dy : t[i]

Z0—21

— 1iff i =0, and 0 else.
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THH of Local Fields
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THH of Local Fields

By the cobar complex, we obtain for n > 1, the only non-zero Ext groups
are

Ext?°(A) = Ok,
Extt?"(A) = Ok /(nEj(Mk)).
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THH of Local Fields

By the cobar complex, we obtain for n > 1, the only non-zero Ext groups
are

Ext?°(A) = Ok,
Extt?"(A) = Ok /(nEj(Mk)).

The descent SS for THH(Ok /Sy (x)) collapses at E?-page for degree
reason.
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THH of Local Fields

By the cobar complex, we obtain for n > 1, the only non-zero Ext groups
are

Ext?°(A) = Ok,
Extt?"(A) = Ok /(nEj(Mk)).

The descent SS for THH(Ok /Sy (x)) collapses at E?-page for degree
reason.

Ok, m = 0;
THHm(Ok/Swk)) = { Ok /(nE;(Nk)), m=2n-1;
0, else.
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Outline

@ TC of Local Fields
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Descent SS for TC
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Descent SS for TC

The descent spectral sequence for TC(Ok /Sw/(x)) is obtained by looking
at the filtration given by fiber of can — ¢ at each level, and

E,-l’j = TCi+j(OK/SW(k)).

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024 22/31



Descent SS for TC

The descent spectral sequence for TC(Ok /Sw/(x)) is obtained by looking
at the filtration given by fiber of can — ¢ at each level, and

E,-l’j = TCi+j(OK/SW(k)).

The E2-page is computed by another (multiplicative) spectral sequence,
for k=0,1:

=2 2
Eivj= Eil v}
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Descent SS for TC

The descent spectral sequence for TC(Ok /Sw/(x)) is obtained by looking
at the filtration given by fiber of can — ¢ at each level, and

E,-l’j = TCi+j(OK/SW(k)).

The E2-page is computed by another (multiplicative) spectral sequence,
for k=0,1:
2 2
Eivj= Eil v}

where

E,%OJ = ker (can — ¢ : E,-QJ(TC_) — E,?J(TP)),
Ei271J = coker (can — ¢ : E,%j(TC_) — E,-QJ(TP)).
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Algebraic Tate SS/HFPSS

Albert Jinghui Yang (UPenn) Topological Cyclic Homology of Local Fields Nov 2024



Algebraic Tate SS/HFPSS

The Nygaard filtration A2/ is defined on E5-page of Tate spectral
sequence or homotopy fixed point spectral sequence.
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Algebraic Tate SS/HFPSS

The Nygaard filtration A2/ is defined on E5-page of Tate spectral
sequence or homotopy fixed point spectral sequence.

El-term of Descent SS for TC™ and TP have Nygaard filtrations, which
gives rise to new spectral sequences by looking at the graded associated:
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Algebraic Tate SS/HFPSS

The Nygaard filtration A2/ is defined on E5-page of Tate spectral
sequence or homotopy fixed point spectral sequence.

El-term of Descent SS for TC™ and TP have Nygaard filtrations, which
gives rise to new spectral sequences by looking at the graded associated:

o EL(TC™) = Hi(gr?* TC; (Ox/Sw(nl21M)) = E2, (TCO);

ijk
o E}; ((TP) = Hi(gr** TP;(Ok /Swl2]®M)) = E2, (TP).

I7.j7k
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Algebraic Tate SS/HFPSS

The Nygaard filtration A=/ is defined on E5-page of Tate spectral
sequence or homotopy fixed point spectral sequence.

El-term of Descent SS for TC™ and TP have Nygaard filtrations, which
gives rise to new spectral sequences by looking at the graded associated:

o EL(TC™) = Hi(gr?* TC; (Ox/Sw(nl21M)) = E2, (TCO);

ijk
o £} ((TP) = Hi(gr?* TP;(Ok /Swi[2]*IM)) = E2, (TP).
The differentials are d" : E[’j,k — Eir+1,j,k+r-
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Algebraic Tate SS/HFPSS

The Nygaard filtration A=/ is defined on E5-page of Tate spectral
sequence or homotopy fixed point spectral sequence.

El-term of Descent SS for TC™ and TP have Nygaard filtrations, which
gives rise to new spectral sequences by looking at the graded associated:

° Eil,j,k(TC_) = H(gr? TCI(OK/SW(k)[Z]@)["])) = EE;J(TC_)?
o E} (TP) = Hi(gr** TP;(Ok /Sw([z]®!")) = E2; ,(TP).

The differentials are d" : E/; , — E[.; ;. ,. These two spectral sequences
are called algebraic homotopy fixed point spectral sequence and

algebraic Tate spectral sequence, respectively.
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Algebraic Tate SS/HFPSS

E?(THH(Og))[o*]
descen W}T&te
THH, (O )[o%] E2(TP(Ok)).
Tate %
TP, (Ok)
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E%-term of Descent SS for TC™ and TP
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E%-term of Descent SS for TC™ and TP

The El-term of the algebraic HFPSS/Tate SS can be computed by the
cobar complex associated with the associated graded of Nygaard filtration
on the Hopf algebroid

(TPo(Ok /Sw(k[2]), TPo(Ok /Sw k)20, 21]))-
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E%-term of Descent SS for TC™ and TP

The El-term of the algebraic HFPSS/Tate SS can be computed by the
cobar complex associated with the associated graded of Nygaard filtration
on the Hopf algebroid

(TPo(Ok /Sw(k[2]), TPo(Ok /Sw k)20, 21]))-

Proposition

In fact, in Fp-coefficient, the associated graded of the (refined) Nygaard
filtration on the Hopf algebroid above is given by

(k[z]7 k[ZO] Qk k <tzo—21>)7

which is also a Hopf algebroid.
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E2-term of Descent SS for TC™ and TP

The El-term of the algebraic HFPSS/Tate SS can be computed by the
cobar complex associated with the associated graded of Nygaard filtration
on the Hopf algebroid

(TPo(Ok /Sw(k[2]), TPo(Ok /Sw k)20, 21]))-

Proposition

In fact, in Fp-coefficient, the associated graded of the (refined) Nygaard
filtration on the Hopf algebroid above is given by

(k[z]7 k[Zo] Qk k <t20—21>)7

which is also a Hopf algebroid.

The El-term of the algebraic HFPSS/Tate SS can be identified with the
cobar complex for k[z][c*] with respect to the Hopf algebroid as above.
Note that E(TC™) is just a truncation of E1(TP).
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Canonical Map and Cyclotomic Frobenius
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Canonical Map and Cyclotomic Frobenius

The action of the cyclotomic Frobenius is given by, for n > exj,

o(2"07) = P zPn—exi) gl
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Canonical Map and Cyclotomic Frobenius

The action of the cyclotomic Frobenius is given by, for n > exj,

o(2"07) = P zPn—exi) gl

Proposition

Work in Fp-coefficient.
o can — @ : NZME2 ,.(TCT) = NZME2, ,,(TP) is surjective for j > 1

p—1
p—1"-

@ can—p: E31’2J-(TC_) — EELQJ-(TP) is isomorphic for j < 0.

and m >
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Canonical Map and Cyclotomic Frobenius

The action of the cyclotomic Frobenius is given by, for n > exj,

o(2"07) = P zPn—exi) gl

Proposition

Work in Fp-coefficient.
o can — @ : NZME2 ,.(TCT) = NZME2, ,,(TP) is surjective for j > 1

p—1
and m Z ﬁ

@ can—p: E31’2J-(TC_) — EELQJ-(TP) is isomorphic for j < 0.

So far, we are able to compute the E2-term of the descent SS for TC by
algebraic HFPSS/Tate SS.
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Canonical Map and Cyclotomic Frobenius

The action of the cyclotomic Frobenius is given by, for n > exj,

o(2"07) = P zPn—exi) gl

Proposition

Work in Fp-coefficient.
o can — @ : NZME2 ,.(TCT) = NZME2, ,,(TP) is surjective for j > 1
=il
and m > %.
@ can — @ : E2; 5(TC™) — E2, 5;(TP) is isomorphic for j < 0.

So far, we are able to compute the E2-term of the descent SS for TC by
algebraic HFPSS/Tate SS. The computation shows that it collapses at
E?-page for degree reason.
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Main Result
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Main Result

Theorem (Liu-Wang, 2022)

Write d = [K(Cp) : K]. As a Fy[3]-module, where 3 € E§,,(TC) detects
the Bott element, one has

TC.(OkiFp) =Fp[B{1,7, A M@
Fp[ﬁ]{a,('{z |1<i<ek,1<j<d,1</{< g},

with ] = 2d, || = —1, |y| =2d + 1, [a¥})| = 2j — 1.
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Relation to Other Works
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Relation to Other Works

@ Antieau-Krause-Scholze: prismatic analogue.
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Relation to Other Works

@ Antieau-Krause-Scholze: prismatic analogue.

Associated graded of motivic (even) filtration of TC(R/Syy (k) is
given by the shift of the syntomic complex Z,(i)(R/Swx)), which is
the fiber of

A=~ {i} can—¢ (1) {i}.

R/Swk) R/Sw(x
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Relation to Other Works

@ Antieau-Krause-Scholze: prismatic analogue.

Associated graded of motivic (even) filtration of TC(R/Syy (k) is
given by the shift of the syntomic complex Z,(i)(R/Swx)), which is
the fiber of

>iT can p. (1) .
N= R/SW(k){ } R/Sw(k){l}'

Augmented cosimplicial Breuil-Kisin twist:

o~

R/SW(k){i} =~ Tot R/Swr[2]®1-1s

>i~(1) N~ >i~(1)
N R/SW(k){I} =~ Tot N R/Sw(k[2]®1
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Relation to Other Works

@ Antieau-Krause-Scholze: prismatic analogue.

Associated graded of motivic (even) filtration of TC(R/Syy (k) is
given by the shift of the syntomic complex Z,(i)(R/Swx)), which is
the fiber of

> can p. (1) .
N= R/SW(k){ } R/Sw(k){l}'
Augmented cosimplicial Breuil-Kisin twist:

o~

R/SW(k){i} =~ Tot R/Swr[2]®1-1s

>i~(1) N~ >i~(1)
N R/SW(k){I} =~ Tot N R/Sw(k[2]®1

~

Hopf algebroid: (AR/SW(k)[Z], R/SW(k)[ZOJl])'
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Relation to Other Works

@ Antieau-Krause-Scholze: prismatic analogue.

Associated graded of motivic (even) filtration of TC(R/Syy (k) is
given by the shift of the syntomic complex Z,(i)(R/Swx)), which is
the fiber of

> can p. (1) .
N= R/SW(k){ } R/Sw(k){l}'
Augmented cosimplicial Breuil-Kisin twist:

o~

R/SW(k){i} =~ Tot R/Swr[2]®1-1s

>i~(1) N~ >i~(1)
N R/SW(k){I} =~ Tot N R/Sw(k[2]®1

~

Hopf algebroid: (AR/SW(k)[Z], R/SW(k)[ZOJl])'

(Relative-to-absolute) Descent spectral sequences for the syntomic
cohomology.
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Relation to Other Works
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Relation to Other Works

e Motivic spectral sequence converging to K.(K; Fp):

B[]

A

o) g1y o
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Relation to Other Works

e Motivic spectral sequence converging to K.(K; Fp):

1 1
ol = a® B
O
Ay
Descent SS for TC(Ok; Fp):
O
a S, @ b
A ai‘l,l_igek ai’l,l_igeK v
1<1< fr 1<1< fi
Ay
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Thank you!
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