
Goal l Intro to slice spetral sequence
2 Compute 下 of HI kgl kg over

3 If time permits compute R

1 Slice spectral sequences

Iu Atiyah Hirzebmch SS but in the sense of
motivic settig

Classically AHSS goes like

1 het E be a spectrum
Consider its Postnikor

tower
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where ten Sp Sp n

Sp n 9 X E Sp TkX 0

forkon 了

2 Applying 1 Xi and taking 不 一

gets
an exact couple and ths a SS

E it H
S
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EST十 X

assume E limn En E so

strongly convergent

Issue 1 need to define En in motivic

setting

2 need to define motivic CW spectra

3 need to take care of the convergence

Def hee e be an cs cat

F collection of objs of e as a set

Define c F smallest full subcat s.t

D F E c F

2 if X E F E C F then X E 下

31 下 is closed under htpy colims

Call these are F

celhhrohj.e.gecs.cat of spaces
F 9 5 n E II

F e

eg cellular motivic spectra



e SHCk

F 9 5P9 p q E E 了

F SHCk

Now to answer question 1

Let e be presentable as cat Consider a chain of ohg
in e

Fm E Fn Fntl.uscFn.is Fns Fnt

e

At each stage one has a right adjoint Lurie

Fm c

s Fn

se
Let e SHCk e Fq S SP 9 PEE q q3
each Fqs is triangulated Now define

f SHCKIc c Fas
and fat fq.si cofib seq
then for each EESHCKJc.ge

fit.E SqtiE

E SE



this is the slice tower and applying n X

T get the slice spectral sequence

E'm.q.n Tm n SgE n X

Tm.nlEAXJnn nn

notrigorons.hut
enough for our case

d Emq.u En gtr u

Rk i effective slice fitration
e SHCK

Fq S I P 9 II X pEE.XESmk3

seffcti.es lice spectral sequence ESS

2 very effective slice filtration

E SHCK c

T 9 529 9 q q了

very effctive
slice spectral sequence VSSS

3 So I E HI E SoKGL

f HE foHE E SoHE

41 SqKGL E 29'9 soKGL E 29'9 HI

fqkGLEI222foKGL.Writekgl
fok.GL Bott E KG LE KG



57 Bott 8.4 KQ E KQ

Aside Hornbostel 05

KQ i a kQf i 三 0 mod 4

aUSpf i三 I mod 4

a KSpf i 三 2 mod 4

aUf i 三 3 mod 4

where I akQf fibrant replacement of
a kQ Nis sheaffication of
UKQ where

UKQ Smi Smi
UKQ X Homofake S n Xi

akQf
2 USp X hofib K X s KSp X

3 ULXI hofib KX Kh X

KSp symplectic K thy
Now KQm X E HomsHckl 5mn X KQ

kq vfoKQ very effctive cover of KQ
One has

1 I kq 1 kq kgl
2 over perfect field of char 2 one has

Ananyevskiy Rondigs 0stvaer.IT



Sqkq Ho in Σ2
2 2 HE g 2n

Yo i n 2nt2it1 2
HI 9 2n

also Bachmann 17 了

vfqkq E I89.49kg

2 Computations

In this section we try to compute HI.gl kg
over C

Prerequisite 1 H 1 k Fz M2

Fz T over

1T1 10 11

by Voevodsky

2 A Steenrod algebra

Acni subalgebra gen.bg Sqi i n

AN AcnI A Am Fz

eg HFE HI A 11A O

HFE Ko AN All

HFE tmf AN AC2

no spectrum E satisfies HEE A11Am

for n 3



37 mASS

Ez Ex米 H Y H X 在

X ㄚ i.y
41 Action of motivic Steenrod alg for p 2

Sq T p
Cartan formula S ixy 㶨2ktSix1Sqly1

E 1Y
9 人 even

a b odd

p 1 E KMck1 2

1 HI

mASS Ez EXEǍ H HE HE

Since H HE All Ao one get
Ex H HI ExtX A Aco Ma

Change of rings formula

ExtA A 3 M M2 Ext3 M M2

for BE A snb Hopf alg
A free night 73 mod true for 73 Acn n o

can be proved lytechinqnesincotensors.se
green book

Thus Ez Ex Nk



二 Ext炎 Si sip FzET了

IE ET ho IM2 h

1h 1 1 1 0

n e
inS

金2
ˋ En 了

ts collapse for dg reason
0

So HE 1 E Iz IT了

2 kgl
mASS Ez ExtǍ H kgl lkgl.tt
NoteH kgl ANEClIECl

CQo.Qi7Qo

SiQSq'Sq2 Sq2Sq

Once again y change of rings
Ez Exe H kgl

ExtÉcyi M2

Ecl is an exterior alg over Mz on Sq Qi

So Ez Mz ho U 1211 1.3 1
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5

FzIT

iii
0 1 2 3 4 5

5 t s

dr Eit Erstr t dr respects the wt

collapse at Ez So kgb_d e Iz ET U了

3 kg
mASS Ez Et梦 H kq

EXE奻 M2

Two ways to compute it

1 minimal resolution Isaksen Shkembi 10

2 motivic MaySS Dugger Isaksen 09

E Mz hij i 1 j 21

dr Éitnw Ext M2

Ěrstl t u r w in our case

E M2 hij 1 itj 2

Ext M2

induced ly A Asis
where 1h 1 1 1 1 01

1h 1 1 2 1

八
1h20 二 1 3 11 bzo h2o



三货门
只

bzoiiin.iii.de20
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t 5

We have d ih2o hoh

Ez page

八 八

n
ni
iii

0 1 2 3 4 5 6 7 8 9 10
t 5

Note that dzcbzo th

dzcibzo it'h for wt reason

this is ly ho.hn ho h s s b203

hgher Leibniz rule

Dugger 一 Isakson Thle 3 Section 5

ns E3
S 八 八 0 二 Fz

45 0
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b hi
M2
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0 1 2 3 1 5 6 7 8 9

E3 Ecs by deg Massey pochnt reason

1kg i e M2 ho.hi.a.b3

lh.hn This ah a2 hob

3 Computations over R

Key technique p Bockstein SS Hill 11

Note that over R

H K Fz M2R

Fz IT p
T1 10 1 1p1 1 1

p Bockstein filter p tower Hill 11

Cuter Kong Quigley

21

Roughly speaking Exit H X can be

compntedbycobarcpxC.CM A H X

Filter this by powers of p

Namely E Ext燚 MI p drax pry
Ex蔽 MIR

e.g For HE妟 one has

Ez Etxi̅oiR ME



p
BSSEXEIY.sc

MI IpJ
MzEp.ho 1p1 1 11

Note that diet p

holdlinearw.r.t.ho.p.d.IT20

FzETJiiiiiiiiiiii
n.io

d half kills the does

iphoT2pht3d.cipho dictz.pho t T dilphho
i3pho

pho 2 1 3

n by Leibniz
一一

h2 o Fz E mle

ho
P

2 1 0

HEAR I E Iz Ii Fz E p Sp了

Iz IT p 2p



Exercise compute kgl 之 via p BSS mASS

Hint mASS yields

Ez ExtÉiiiR Mi 1kg1

1 p BSS

EEÈCYc MI p

MIEp.ho.vn
One has d.lt pho d.ci2 0

d3 T2 p3U d3 t4 0

drlinearw.r.t.p.ho.vn
Use Leibniz nule

Betti realization

If k has a cpx emb

Re SH K SH

1 X1C

real emb

Re SHCk SHE

x 422 actingbyong

Both sym mon functors

Application solving the hidden ext

SH C SH

kgl i s kn
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I hideEext

r
also hidden

ext


